Are Fourier-Mukai equivalent cubic fourfolds birationally equivalent? We obtain an affirmative answer to this question for very general cubic fourfolds of discriminant 20, where we produce birational maps via the Cremona transformation defined by the Veronese surface. Moreover, by studying how these maps act on the cubics known to be rational, we found new rational examples.
INTRODUCTION
The subcategory A X is called the K3 category of X. It is conjectured by Kuznetsov [Kuz10, Conjecture 1.1] that X is birational to P 4 if and only if A X is equivalent to D b (S) for some K3 surface S. In the cases that the K3 categories are realizable by polarized K3 surfaces of degrees 14, 26, 38, and 42, this conjecture has been proved by Bolognesi, Russo, and Staglianò [BRS19, RS19a, RS19b] .
To what extent does the K3 category determine the birational geometry of a cubic fourfold? For a very general cubic X, it is known that a cubic X ′ is isomorphic to X if and only if their K3 categories are equivalent [Huy17, Theorem 1.5 (i)]. For special cubic fourfolds, do equivalences between K3 categories guarantee the existence of birational maps between them?
In this paper, we focus on the cubic fourfolds containing a Veronese surface V ⊆ P 5 . Let C = [U/PGL 6 (C)] denote the moduli space of cubic fourfolds, where U ⊆ |O P 5 (3)| is the subset of smooth cubics. Then the cubics containing V determine a divisor C 20 ⊆ C. On the other hand, the system of quadrics containing V defines a Cremona transformation of P 5 , i.e. a birational map
which is an involution upon composing with a projective transformation [CK89, Theorem 3.3]. Our first main result is: Theorem 1.1 (= Theorem 3.7). By taking X ⊆ P 5 to its proper image X ′ := F V (X) ⊆ P 5 , the map F V induces a birational involution
such that for a very general X ∈ C 20 , the image X ′ appears as the unique cubic fourfold such that A X ∼ = A X ′ and X ≇ X ′ .
Cubic fourfolds with equivalent K3 categories are called Fourier-Mukai partners. Note that, for a very general X ∈ C 20 , the map F V restricts as a birational map between X and its proper image X ′ , so Theorem 1.1 implies immediately that Corollary 1.2. For very general cubics X, X ′ ∈ C 20 , if they are Fourier-Mukai partners, then they are birational to each other.
How does the map σ V act on the locus in C 20 which parametrizes rational cubic fourfolds? Before answering this question, let us briefly review the background: For a very general X ∈ C, the algebraic lattice A(X) := H 2,2 (X, C) ∩ H 4 (X, Z) INTRODUCTION is spanned by h 2 , the square of the hyperplane class. A member X ∈ C is called special if A(X) contains a rank two saturated sublattice A(X) ⊇ K ∋ h 2 called a labelling. According to Hassett [Has00] , special cubic fourfolds admitting a labelling of discriminant d form an irreducible divisor C d ⊆ C, which is nonempty if and only if d ≥ 8 and d ≡ 0, 2 (mod 6).
(1.1)
Moreover, for a very general X ∈ C d , there is an equivalence A X ∼ = D b (S) for some K3 surface S if and only if d is admissible, namely, d is not divisible by 4, 9, or any odd prime p ≡ 2 (mod 3).
(1.2)
A convenient list of such d with d ≤ 200 is provided in [Add16, Table 1 ]. Notice that d = 20 belongs to (1.1) but not (1.2). It is expected that a very general cubic is irrational though no such example is found so far. For rational ones, the four types of rational cubics mentioned in the very beginning constitute four different divisors C 14 , C 26 , C 38 , and C 42 in C. Besides these, there are codimension one loci in C 8 [Has99] and C 18 [AHTVA19] known to parametrize rational cubics. Singular cubics are also rational. They are characterized by possessing certain labellings of discriminants 2 and 6 [Has00, §4.2 & §4.4] (see also [Has16, §2.3] ).
Since the Cremona map F V can possibly transform a smooth cubic into a singular one, it is necessary to consider the closure C 20 of C 20 in the Laza-Looijenga compactification C [Laz10, Theorem 1.2], and extend σ V as a birational involution on C 20 . For simplicity, we still use σ V to denote this extension. The loci of singular cubics of discriminants 2 and 6 in C will be denoted as C 2 and C 6 , respectively. As a consequence, there exist at least three irreducible divisors in C 20 consisting of rational cubic fourfolds which are not known before.
More details about this theorem are provided in Theorem 3.13. The situation about C 20 ∩ C 14 is summarized in Remark 3.17.
In fact, a cubic in C 20 ∩ C d possesses infinitely many distinct labellings simultaneously for every admissible d. The following theorem shows that, given an admissible d, there exists a cubic in σ V (C 20 ∩ C d ) which owns admissible discriminants, and the minimal one is strictly greater than d. In particular, the map σ V can potentially produce new rational cubic fourfolds whenever a new divisor C d is found to parametrize rational cubics.
Theorem 1.4 (= Theorem 3.18). Let d ≥ 14 be an even integer which is admissible. Then σ V (C 20 ∩ C d ) contains a component D such that
This paper is organized as follows: In Section 2, we review the necessary backgrounds about cubic fourfolds containing a Veronese surface, and establish a few propositions required in proving the main results. These include a birational model for the Veronese locus C 20 , and formulas counting the Fourier-Mukai partners of a very general X ∈ C d with d not divisible by 9. In Section 3, we first introduce the Cremona transformation defined by the Veronese surface, then analyze its induced action on C 20 , and finally study the action on the locus of rational cubic fourfolds. Throughout the paper, we say a member in a moduli space is very general provided that it is in the complement of a countably infinite union of divisors.
Cubic fourfolds containing a Veronese surface
The main purpose of this section is to establish two results for the use of Section 3, and briefly review necessary backgrounds during the process. The first result is about a birational model for C 20 , which ensures that a cubic in it contains a Veronese surface if it does not contain a plane. The second result gives the number of the Fourier-Mukai partners of a very general cubic in C d with d not divisible by 9. As a special case, it will imply that a very general cubic in C 20 has one and only one Fourier-Mukai partner not isomorphic to itself.
Recall that a cubic fourfold X is special if and only if the lattice
contains a labelling. Because the integral Hodge conjecture is proved for cubic fourfolds [Voi07, Theorem 18], this lattice is generated by the classes of algebraic cycles. As a consequence, X is special if and only if it contains an algebraic surface not homologous to a complete intersection.
It is well known that a very general cubic in C 20 contains one and only one Veronese surface. However, it is not clear which cubic in C 20 does contain one. In the next few paragraphs, we will briefly review the constructions and some basic properties about such cubics. Then we will show that a cubic in C 20 contains a Veronese surface once it is not in C 8 , the locus of cubics which contain a plane.
First of all, recall that the Veronese surface V ⊆ P 5 is defined as the embedding of P 2 into P 5 via the linear system of conics. Up to a projective transformation, V can be identified as the embedding
If we denote by [X 0 : · · · : X 5 ] the homogeneous coordinates of P 5 , then the 2 × 2-minors of the matrix 
form a basis for the ideal I V of V ⊆ P 5 . Using this explicit description, one can easily produce an example of smooth cubic X containing V with the aid of a computer algebra system (e.g. Singular [DGPS15] ). Now consider a cubic fourfold X containing a Veronese surface V . We claim that the sublattice
gives a labelling of discriminant 20. Indeed, a straightforward computation shows that
where N V /X is the normal bundle of V in X. Therefore, we can write
which has discriminant 20. Furthermore, the saturation K ⊇ K V of K V provides a labelling of X with discriminant dividing 20. As 20 is the only factor which appear in the list (1.1), K V is saturated and thus defines a labelling. Every automorphism of P 5 preserving V is extended uniquely from an action of PGL 3 (C) on V ∼ = P 2 . This defines an action of PGL 3 (C) on |I V (3)| and thus on the open subset U 20 ⊆ |I V (3)| of smooth members. Therefore, we can form the quotient [U 20 /PGL 3 (C)] in the sense of geometric invariant theory [MFK94] . There is a canonical morphism
which is birational due to the fact that a general member of C 20 contains a unique Veronese surface. 
Our goal is to show that V 0 is a Veronese surface as this implies that X 0 lies in the image of ϕ.
Recall that a cubic fourfold belongs to C 8 if and only if it contains a plane. First, we claim that V 0 is an integral surface. As the Veronese surface has degree 4, if V 0 is not integral, it would either involve a plane as a component, or consist of two possibly singular quadric surfaces which may coincide or not. The former case is ruled out as X 0 / ∈ C 8 . In the latter case, X 0 would contain a quadric Q. However, Q spans a 3-space P in P 5 , which intersects 6 X 0 in the union of Q and a degree one surface, that is, a plane, but this is impossible. Therefore, we conclude that V 0 is an integral surface.
Next we show that V 0 is nondegenerate. Assume, to the contrary, that V 0 is contained in a hyperplane H ⊆ P 5 . Let Y := H ∩ X 0 and consider it as a cubic hypersurface in H ∼ = P 4 . Note that Y is irreducible. By the Lefschetz hyperplane theorem, V 0 is homologous to a divisor on Y . However, as Y is a cubic, every divisor has degree 3, while V 0 has degree 4. Hence V 0 is nondegenerate.
According to [SD73] (see also [Har10, Exercise 29 .6(c)]), any nondegenerate integral surface of degree 4 in P 5 is one of the following:
(i) The embedding of P 1 × P 1 via the linear system |O P 1 (1) ⊕ O P 1 (2)|.
(ii) The embedding of the Hirzebruch surface F 2 via the linear system |C 0 + 3f | where C 0 is the unique sectional class with C 2 0 = −2 and f is the fiber class.
(iii) The Veronese surface.
(iv) A cone over a rational quartic curve in P 4 .
The surfaces in (i) and (ii) both have Euler characteristic χ = 4 while the Veronese surface has χ = 3, so (i) and (ii) can be ruled out. Suppose that we are in case (iv) and let p ∈ V 0 be the cone vertex. We claim that X 0 is singular at p. Indeed, the tangent hyperplane T p X 0 of X 0 at p is tangent to V 0 at p also. This implies that T p X 0 is tangent to the rulings of V 0 and thus contains them, which implies that T p X 0 contains V 0 . If X 0 is smooth at p, then T p X 0 ∼ = P 4 , so V 0 is degenerate, but this case was already ruled out. Therefore, the only possibility is (iii), which completes the proof.
Basic facts about the transcendental lattices
Given a cubic fourfold X, its transcendental lattice is defined as the orthogonal complement T (X) := A(X) ⊥ ⊆ H 4 (X, Z).
Note that it carries a Hodge structure inherited from H 4 (X, Z). The purpose of this section is to recall some basic facts and standard results about T (X) which will be used in §2.3 and later. In the following, given a lattice Λ, we will denote by Λ * := Hom(Λ, Z) its dual lattice and by dΛ := Λ * /Λ its discriminant group.
Lemma 2.2. Let X be a very general cubic fourfold in C d . Then the only Hodge isometries on T (X) are 1 and −1.
Proof. One can use almost the same proof as in [Ogu02, Lemma (4.1)] to prove this proposition. The only part which requires further verification is the minimality condition: If T ⊆ T (X) is a minimal saturated sublattice such that
then T = T (X). Assume, to the contrary, that T T (X) is a minimal saturated sublattice such that (2.4) holds. Then T has a nonzero orthogonal complement T ⊥ ⊆ T (X), and (2.4) implies that T ⊥ is orthogonal to H 3,1 (X, C). It follows that T ⊥ is of type (2, 2). This implies that T ⊥ is algebraic by the integral Hodge conjecture [Voi07, Theorem 18], but this contradicts to the fact that T ⊥ ⊆ T (X). Therefore, the minimality condition holds in our case.
Lemma 2.3. Let X be a very general cubic fourfold in C d , where d is not divisible 9. Then dT (X) is cyclic.
Proof. Since H 4 (X, Z) is unimodular, we have dT (X) ∼ = dA(X). If d ≡ 2 (mod 6), then for a very general cubic X ∈ C d ,
If d ≡ 0 (mod 6) and not divisible by 9, then for a very general cubic X ∈ C d ,
One can check that dA(X) is cyclic in both cases. Therefore dT (X) is cyclic.
The transcendental lattice can also be constructed naturally from the K3 categories A X . The main references for the following is [AT14] . Define
as the topological Grothendieck group, which has a lattice structure under the Euler pairing
As an abstract lattice, we have
where the right hand side coincides with the Mukai lattice of a K3 surface. The Mukai vector induces an injection [AH61, §2.5]:
v :
which defines a weight two Hodge structure on H(A X , Z) by
As analogues of the Néron-Severi lattice and the transcendental lattice of a K3 surface, let us define
There may be multiple A 2 sublattices in H(A X , Z), though all of them can be identified via O( H(A X , Z)). We denote the one coming from [O line (1)] and [O line (2)] by A 2 (X). By [AT14, Proposition 2.3], restricting v to the orthogonal complement A 2 (X) ⊥ ⊆ H(A X , Z) induces a Hodge isometry
Further restrictions induces the Hodge isometries
is a rank one lattice ℓ . Moreover,
This section aims to compute the number of Fourier-Mukai partners for a very general X ∈ C d , when d is not divisible by 9. Following [Huy17], we say two cubic fourfolds X and Y are Fourier-Mukai partners if there exists
is a Fourier-Mukai transform. If X ∈ C d is very general, then this is equivalent to the existence of a Hodge isometry [Huy17, Theorem 1.5 (iii)]:
By restricting to the transcendental parts, we obtain a commutative diagram
Now suppose that X is a very general member of C d and d is not divisible by 9. Then Y also belongs to C d and is very general since T (X) ∼ = T (Y ) by (2.7). Note that the isometry on the bottom of (2.8) extends uniquely to an isometry on the top by [Nik79, Theorem 1.14.4] and the fact that dT (X) is cyclic (Lemma 2.3). Therefore, X and Y are Fourier-Mukai partners if and only if T (A X ) and T (A Y ) are isomorphic as Hodge lattices.
The number of Fourier-Mukai partners of a very general cubic fourfold X ∈ C d for admissible d has been computed by Pertusi [Per16, Theorem 1.1]. In order to treat the case d = 20, we generalize it to: Proposition 2.5. Let X be a very general cubic fourfold in C d , where d is not divisible by 9. Define a number m ∈ N depending on d:
Here a ≥ 2 and p i 's are distinct odd primes. Then
(1) If d ≡ 2 (mod 6), then the number of Fourier-Mukai partners of X equals m.
(2) If d ≡ 0 (mod 6) and not divisible by 9, then the number of Fourier-Mukai partners of X equals m 2 . In particular, if X is a very general cubic in C 20 , then the number of Fourier-Mukai partners of X equals 2.
Proof. We follow closely the idea in [Ogu02] which counts the numbers of Fourier-Mukai partners of K3 surfaces with Picard rank one. Fix a very general X ∈ C d . We define
3 in the other case. We further define M S,T to be the collection of even overlattices L ⊇ S ⊕T which satisfies
• S and T are both saturated in L.
Note that each L ∈ M S,T is equipped with the weight two Hodge structure induced from T . (For the definition of even overlattices, see [Nik79, §1.4].)
Let FM(X) denote the set of Fourier-Mukai partners of X. Our goal is to prove that
We accomplish this via the relation between FM(X) and M S,T as described below: Let Y ∈ C d be very general. By Lemma 2.4, there exists exactly two choices of isometries
such that one is the negative of the other. Assume further that Y ∈ FM(X). Then there exists an isometry
respecting the Hodge structures. By Lemma 2.2, there are exactly two such isometries where one is the negative of the other. These induce an isometry on the dual spaces
is a Hodge isometry. Let us define
where φ and ψ are as in (2.9) and (2.10), respectively. Then the above construction gives a diagram
where Π(Y, φ, ψ) = Y and the map L • works as in (2.11). Note that the preimage of each Y ∈ FM(X) under π has the form
In particular, we have | FM(X)| = 4|FM(X)|. In Lemma 2.6 and 2.7, we will respectively prove that | FM(X)| = 2|M S,T | and that
These imply that
Lemma 2.6. Let us retain the condition of Proposition 2.5 and the notations in its proof. Then we have
Proof. We will mostly assume that d ≡ 2 (mod 6), and will mention the changes needed for the case d ≡ 0 (mod 6) in Remark 2.8. 
In particular, L • maps distinct fibers of Π to disjoint subsets of M S,T . If we can show that
Notice that the equality on the left is trivial since Since S ⊆ L is saturated, the natural map
is a surjection, therefore an isomorphism as [L * : S ⊕ T ] = 3d. This implies that L * /(S ⊕ T ) is cyclic of order 3d. Since T ⊆ L is saturated, the map
for some t ∈ T . Then there exists an integer b with gcd(b, d) = 1 such that
Thus we can write
This finishes the proof of the inequality (2.12).
To prove the desired equality, it suffices to show that the map
is surjective. Let I 21,2 := 1 ⊕21 ⊕ −1 ⊕2 be the abstract lattice isometric to the middle cohomology of a cubic fourfold and let h 2 ∈ I 21,2 be a class with (h 2 , h 2 ) = 3. By [Nik79, Corollary 1.13.3], the sublattice
is the unique even lattice with signature (20, 2) and discriminant 3 up to lattice isomorphism. Hence, for any element L ∈ M S,T , we have
as abstract lattices. Now consider T (−1) as a sublattice of I 21,2 using the above isomorphism. Then its orthogonal complement T (−1) ⊥ ⊆ I 21,2 is a rank two lattice of discriminant d and contains h 2 . If d ≡ 2 (mod 6), then
One can check by direct computations that such T (−1) ⊥ does not admit labellings of discriminants 2 or 6. By [Laz10, Theorem 1.1], there exists a cubic fourfold Y with a Hodge isometry
. By the proof of Lemma 2.2, T (−1) (respectively, T (Y )) does not contain a proper saturated Hodge sublattice that contains (T (−1) C ) 2,0 (respectively, H 3,1 (Y, C)). Therefore, we have
Hence Y is a Fourier-Mukai partner of X, and the restrictions of η to S(−1) and
This proves the surjectivity of L • .
Lemma 2.7. Let us retain the condition of Proposition 2.5 and the notations in its proof. Then we have
if d ≡ 0 (mod 6) and not divisible by 9.
Proof. We continue assuming that d ≡ 2 (mod 6), and will mention the changes needed for the case d ≡ 0 (mod 6) in Remark 2.8. From the proof of Lemma 2.6, we know that each L ∈ M S,T satisfies (2.13). We claim that the integer b is uniquely determined as an element of Z/20Z. Indeed, if there is an other integer b ′ such that
Suppose that b is an integer such that b ∈ Z/dZ lies in the image of (2.14), that is, there exists L ∈ M S,T such that (2.13) holds. Then L is uniquely determined by
Hence (2.14) is an injection. Moreover, if an integral overlattice L ⊇ S ⊕ T satisfies (2.13) with gcd (b, d) = 1, then L has discriminant 3 and both S and T are saturated in L. As a consequence, the cardinality |M S,T | is the same as the number of b ∈ (Z/dZ) * such that the overlattice
is even. As S and T are both even, this is equivalent to
This implies that t 2 = cd for some integer c. Substituting this back to the relation above, we translate it into the equivalent form 3b 2 c ≡ 1 mod 2d.
Note that the set Remark 2.8. The proof for the case d ≡ 0 (mod 6) and not divisible by 9 is essentially the same. In this case, we have ℓ 2 = − d 3 ,
Moreover, the cardinality of M S,T is the number of elements b ∈ Z/( d 3 )Z * such that the overlattice
is even, which is equivalent to
This implies that t 2 = 3cd for some integer c. Substituting this back to the relation above, one gets b 2 ≡ c mod 2d 3 .
Since gcd(b, d 3 ) = 1 and d is divisible by 6, we have gcd(b, 2d 3 ) = 1. Hence c is an integer such that gcd(c, d
3 ) = 1 and the set
is nonempty. Again using the proof of [Ogu02, Lemma 4.5] and the fact that d is not divisible by 9, one can show that the cardinality of B c is m if B c is nonempty.
Birational involution on the Veronese locus
We prove our main theorems in this section, where the core machinery is the Cremona transformation of P 5 defined by the system of quadrics passing through the Veronese surface V ⊆ P 5 . We begin with the study this map, especially on how it induces a birational involution σ V on the Veronese locus C 20 . Then we study its restriction to a cubic fourfold X ⊇ V , and prove that σ V realizes Fourier-Mukai partners. Finally, we analyze how σ V acts on the loci in C 20 known to parametrize rational cubics, and prove that new rational cubic fourfolds arise this way.
Cremona transform defined by the Veronese surface
Let V ⊆ P 5 be a Veronese surface and let I V be its defining ideal. According to [CK89, Theorem 3.3], the linear system |I V (2)| defines a birational map
such that the inverse is given by a Veronese surface V ′ in the same way. In the following, we review some basic properties about this map and study how it acts on the cubics containing V . The analysis of its restriction to a single cubic X ⊇ V is left to §3.2.
Throughout the paper, we assume that F 2 V = id unless otherwise stated. Notice that this means
Be careful that this may not hold in general, but we can always resolve the issue via a projective transformation as guaranteed by the following proposition. Proof. Upon composing with an automorphism of P 5 , we can assume that V and thus F V are defined by the cofactors of the symmetric matrix
in the way that
where Q 0 , . . . , Q 5 are determined by 
Notice that the matrix on the right is exactly det(M ) · M −1 . In this case, the composition F V • F V is determined by the cofactors of the matrix
in the same way as above. More explicitly, if we write
In other words, F V is an involution.
Let us study how the map F V acts on the cubics containing V . First of all, we can resolve the indeterminacy of F V by a single blowup [CK89] . More precisely, the blowups Bl V (P 5 ) and Bl V ′ (P 5 ) can be canonically identified as the graph Γ := graph(F V ) ⊆ P 5 × P 5 such that the projections p and p ′ onto the two copies of P 5 give the blowups of P 5 along V and V ′ , respectively. Together with F V , these form a commu-
(3.1) By applying the blowup formula to p, we conclude that the Picard group of Γ has rank two, and is generated by the classes H: pullback of the hyperplane class on P 5 under p, E: the exceptional class of p.
Similarly, applying the blowup formula to p ′ implies that Pic(Γ) is also generated by H ′ : pullback of the hyperplane class on P 5 under p ′ , E ′ : the exceptional class of p ′ .
The fact that F V is defined by the quadrics passing through V implies that
Since the inverse F −1 V is defined in a similar way, we also have 
by taking a cubic X ⊇ V to its proper image F V (X) ⊆ P 5 . In general, the image F V (X) for a smooth cubic X ⊇ V is still a cubic containing V though it may be singular.
Proof. The strict transform on Γ of a cubic fourfold X ⊇ V represents the class 3H − E ∈ Pic(Γ). Using (3.2) and (3.3), we can rewrite it as
This shows that the proper image F V (X) is a cubic containing V hence proves the last assertion. This also induces a rational map
which is birational as it admits an inverse defined by F −1 V . To show that σ V descends as a birational involution σ V on C 20 , it is sufficient to show that it descends to the birational model [U 20 /PGL 3 (C)] introduced in (2.3). The latter is true since the PGL 3 (C)-action commutes with F V by the definition of F V , so the proof is completed.
We will prove that the birational involution in Proposition 3.2 is nontrivial in §3.2. In fact, we will show that it realizes pairs of non-isomorphic Fourier-Mukai partners. As a preparation, we compute the intersection numbers among the classes in Pic(Γ) in the remaining part of this section. 
Proof. These intersections can be computed directly from Lemma 3.3 using the relation H ′ = 2H − E. 20 Remark 3.5. These numbers record some geometric information about the map F V . For instance, F V is birational since deg(F V ) = H ′ 5 = 1; a general line ℓ ⊆ P 5 is mapped to a rational curve F V (ℓ) of degree H 4 H ′ = 2, which reflects the fact that F V is defined by quadrics.
To prove Lemma 3.3, we develop a general formula about computing intersection numbers on a blowup. Consider a smooth projective variety X of dimension n and a smooth subvariety V ⊆ X of codimension c. Define Y := Bl V X and let E ⊆ Y be the exceptional divisor. Then these varieties form a fiber square
Recall that the Segre class s(V, X) is related to the Chern class of the normal bundle N V /X of V in X in the following way
By [Ful98, Corollary 4.2.2], if we identify E with the projective bundle P(N V /X ), then s(V, X) can also be expressed as s(V, X) = n k=1 η * (c 1 (O E (1)) k−1 ).
(3.5) Lemma 3.6. Suppose that H ′ is a k-cycle on Y , 1 ≤ k ≤ n, such that H ′ = p * H for some k-cycle H on X . Then we have
Proof.
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Proof of Lemma 3.3. The equality H 5 = 1 follows from the fact that H corresponds to the hyperplane class. For the other intersection numbers, we will compute them using the Segre class s(V, P 5 ) and Lemma 3.6. Under the embedding i : V ֒→ P 5 , we have
Let us denote the fundamental class of V as 1 V , the canonical class as K V , and the class of a line from the isomorphism V ∼ = P 2 as ℓ. Then
On the other hand, using the relation i * h = 2ℓ, we obtain
As a result, we have
Using Lemma 3.6, we get
The intersections between H ′ and E ′ can be computed in the same way.
Restricting the Cremona map to a cubic fourfold
In this section, we improve Proposition 3.2 to the following theorem:
Theorem 3.7. The Cremona map F V induces a birational involution
by taking a cubic X ⊇ V to its proper image F V (X) ⊆ P 5 . For a very general X ∈ C 20 , the image X ′ appears as the unique cubic fourfold such that A X ∼ = A X ′ and X ≇ X ′ . 22
RESTRICTING THE CREMONA MAP TO A CUBIC FOURFOLD
Let X be a cubic fourfold containing a Veronese surface V . Then the restriction of F V to X produces a birational map
where X ′ is again a cubic containing a Veronese surface V ′ . Here we assume that X is general enough so that X ′ is smooth. Our strategy in proving the main theorem is to compare the Hodge structures of X and X ′ via the resolution of f V .
We obtain the resolution by taking the restriction of diagram (3.1):
where π and π ′ are the blowups at V and V ′ , respectively. Applying the blowup formula to π gives a decomposition
which preserves the lattice and the Hodge structures. The same decomposition holds with X replaced by X ′ by applying the same formula to π ′ . These induce the Hodge isometries between the transcendental lattices
In particular, this implies that X and X ′ are Fourier-Mukai partners. The difficult part is to show that X and X ′ are not isomorphic. To attain this goal, we study the restriction of (3.7) to the algebraic parts
( (3.10)
Decomposition (3.9) still holds with X and V replaced by X ′ and V ′ , respectively, hence A(Y ) also contains h ′ 2 : square of the class h ′ of a hyperplane section on X ′ v ′ : the class of V ′ on X ′ ℓ ′ : the class of a line in V ′ ∼ = P 2 whose intersection pairings coincide with (3.10). We will also need the classes e: the class of the exceptional divisor of π : Y → X. e ′ : the class of the exceptional divisor of π ′ : Y → X ′ .
Before proving the main theorem, let us establish a number of lemmas which will also be used in §3.3. The computations of the intersections between h ′ and e ′ are the same.
Lemma 3.9. The classes v and ℓ can be expressed as
The same equations hold with h, e, v, ℓ replaced by h ′ , e ′ , v ′ , ℓ ′ , respectively. 24
Proof. To prove (1), we consider the fiber square
Let ℓ ∈ Pic(V ) be the class of a line and h ∈ Pic(X) be the class of a hyperplane section. Note that 2ℓ = i * h since i is the Veronese embedding. We also have h = π * h from the definition of h. Using these relations, we verify that
Hence ℓ = 1 2 he, which proves (1). The computation for ℓ ′ is the same. Now we have 3 2 he − e 2 = 3ℓ − e 2 by (1). To prove (2), we need to show that this class equals v. Let Q be the universal quotient bundle on E| Y ∼ = P(N V /X ) so that there is an exact sequence 
On the other hand, standard technique shows that c 1 (N V /X ) = 3ℓ. Now we combine these to get
This proves (2). The computation for v ′ is the same.
Lemma 3.10. The two sets of vectors {h 2 , v, ℓ} and {h ′ 2 , v ′ , ℓ ′ } transform to each other in the following ways
Proof. These relations can be derived straightforwardly from the equations
and Lemma 3.9. First we compute h ′ 2 :
Finally we compute ℓ ′ :
The inverse transformation can be computed in the same way. Alternatively, one can verify that the transformation matrix
is involutive, i.e. M 2 = id, which implies that the inverse transformation has the same expression as the original one.
As a preparation for the next lemma, let us recall that, for a very general X ∈ C 20 , we have A(X) ∼ = 3 4 4 12 .
Moreover, there are isomorphisms
where the first isomorphism follows from the fact that H 4 (X, Z) is unimodular, and the second one can be verified directly.
Lemma 3.11. Assume that X ∈ C 20 is very general. Then (3.8) induces an isometry d(π * −1 • π ′ * ) : dT (X)
which acts as the multiplication by 9 after identifying dT (X) and dT (X ′ ) with Z/20Z in a canonical way.
Proof. Let us define A(X) := h 2 , v, ℓ and A(X ′ ) := h ′ 2 , v ′ , ℓ ′ . Since X is very general, the blowup formula induces the Hodge isometries
where β coincides with the isometry in our lemma. Using this diagram, we translate the problem on how β acts to the problem on how α acts. Let (e 2 ) * ∈ d A(X) * denote the dual element of e 2 under the choice of basis {h 2 , e 2 , ℓ}. Using Lemmas 3.8 and 3.9, it is easy to check that (e 2 ) * = 1 20 (4h 2 + 3e 2 − 9ℓ).
In particular, (e 2 ) * provides as a generator for d A(X) ∼ = Z/20Z. With respect to this choice, we take the element (e ′ 2 ) * = 1 20 (4h ′ 2 + 3e ′ 2 − 9ℓ ′ ) as our generator for d A(X ′ ). To compare (e 2 ) * and (e ′ 2 ) * , we first use Lemmas 3.9 and 3.10 to obtain e 2 = 9h ′ 2 + 4e ′ 2 − 24ℓ ′ and then rewrite (e 2 ) * as
It follows that 9(e ′ 2 ) * − (e 2 ) * = 1 20
which is a lattice element. This means that α works by mapping (e 2 ) * to 9(e ′ 2 ) * , i.e. as the multiplication by 9, so we finished the proof.
Proof of Theorem 3.7. The map σ V is well-defined and is involutive according to Proposition 3.2. The remaining thing to prove is the fact that σ V maps a very general member of C 20 to its unique non-isomorphic Fourier-Mukai partner.
Let X ∈ C 20 be a very general member and let X ′ := F V (X). Assume, to the contrary, that σ V is the identity. Then there exists a projective isomorphism g : X ∼ − → X ′ which induces a Hodge isometry
Together with the map f V , these produce two Hodge isometries between the transcendental lattices
hence induce two maps between the discriminant groups dT (X)
It is clear that dg * acts as the multiplication by 1 from the construction. On the other hand, df * V acts as the multiplication by 9 according to Lemma 3.11. It follows that, as a Hodge isometry acting on T (X), the composition f * V • g * −1 induces an action on dT (X) ∼ = Z/20Z which is not the identity nor the rescaling by −1. However, this is forbidden by Lemma 2.2.
As a result, X and X ′ are not isomorphic. They are Fourier-Mukai partners since their transcendental lattices are isomorphic. Moreover, X ′ is the unique such partner again by Proposition 2.5.
Remark 3.12. Similar technique appears in [HL18] , where the second author construct derived equivalences between K3 surfaces of degree 12 via Cremona transformations of P 4 .
In this section, we analyze how σ V acts on the codimension one loci in C 20 that are known to parametrize rational cubic fourfolds, and prove that new rational cubic fourfolds arise this way. The main results of this section are Theorems 3.13 and 3.18. 
20,182 ⊆ C 20 ∩ C 182 . As a consequence, there exist at least three irreducible divisors in C 20 which parametrize rational cubic fourfolds which are not known before.
We start with analyzing the algebraic lattices of a very general member X ∈ C 20 ∩ C d and of its proper image X ′ = F V (X). Assume that X / ∈ C 8 . Then X contains a Veronese surface V ⊆ X by Proposition 2.1. From now on, we denote by h ∈ Pic(X) the class of a hyperplane section on X and denote by v ∈ A(X) the class of the Veronese surface V ⊆ X. Since X is very general, the algebraic lattice A(X) is of rank three, so there exists a surface S ⊆ X whose class s ∈ A(X) does not lie in h 2 , v . From the blowup formula, we have
where Y = Bl V X, the classes h 2 , v, s are the pullbacks of h 2 , v, s, respectively, and ℓ is induced from a line in V ∼ = P 2 . The Gram matrix of these classes is given by
By Lemma 3.10, we also have
where h ′ , v ′ , and ℓ ′ are induced from X ′ in the same way as how we obtain h, v, and ℓ. The Gram matrix of these classes is
By the blowup formula, we have an isometry
where A(V ′ )(−1) is generated by the class ℓ ′ . Therefore, the top-left 3 × 3 minor of the above matrix gives a Gram matrix of A(X ′ ). In this way, we can relate the algebraic lattices A(X) and A(X ′ ) as follows:
(3.12)
the isometry above.
Note that the transformation law (3.12) works for any class s ∈ A(X): if one replaces s by any other class
then one can check that the lattice with Gram matrix 
Now we state an useful criterion of algebraic lattices of cubic fourfolds. Recall that the middle cohomology of a smooth cubic X ⊆ P 5 is
Under this isomorphism, one can identify A(X) with a sublattice in I 21,2 . Denote h 2 := (1, 1, 1) ∈ 1 ⊕3 ⊆ I 21,2 . Using this criterion, we can prove the following proposition, which is a generalization of [YY19, Theorem 3.1]. The proposition will be used to prove the main theorems of this section.
Proposition 3.15. For every nonempty C d 1 and C d 2 with d 1 = d 2 . We find the following lower bound of the number of irreducible components of C d 1 ∩ C d 2 . Let n 1 = ⌊ d 1 6 ⌋ and n 2 = ⌊ d 2 6 ⌋. Define N = 2 n 1 n 2 − min{n 1 , n 2 } − 1 . (1) Suppose d 1 ≡ d 2 ≡ 2 (mod 6). Then C d 1 ∩ C d 2 has at least 2N + 1 irreducible components C Mτ where τ is an integer index with |τ | ≤ N . For each τ , there exists X ∈ C Mτ such that A(X) is a rank three lattice of discriminant
(2) Suppose d 1 d 2 ≡ 0 (mod 6). Then C d 1 ∩C d 2 has at least N +1 irreducible components C Mτ where τ is an integer index with 0 ≤ τ ≤ N . For each τ , there exists X ∈ C Mτ such that A(X) is a rank three lattice of discriminant 
Let e i , f i be a basis of U i such that e 2 i = f 2 i = 0 and (e i , f i ) = 1. We denote elements in 1 ⊕3 by a triple of integers (z 1 , z 2 , z 3 ).
Case 1: d 1 ≡ d 2 ≡ 2 (mod 6).
Write d 1 = 6n 1 + 2 and d 2 = 6n 2 + 2. For each |τ | ≤ N , consider the lattice M τ ⊆ I 21,2 generated by α 1 := h 2 = (1, 1, 1), α 2 := e 1 + n 1 f 1 + τ f 2 + (0, 1, 0), α 3 := e 2 + n 2 f 2 + (0, 0, 1).
Then the Gram matrix of M τ with respect to the basis
We claim that (x, x) = 2 for any x ∈ M τ . Write
and assume without loss of generality that 1 ≤ n 1 < n 2 . Then (x, x) = 3a 2 + (2n 1 + 1)b 2 + (2n 2 + 1)c 2 + 2ab + 2ac + 2τ bc
Since |τ | < 2 √ n 1 n 2 − n 1 by the assumption, we have
Hence if (x, x) = 2, then c = 0. Thus
But there is no integers a, b satisfying this equation.
One can check that M τ ⊆ I 21,2 is saturated. Therefore, by Proposition 3.14, C Mτ ⊆ C is a codimension 2 subvariety and there exists X ∈ C Mτ with A(X) = M τ , which has discriminant
Also, observe that the sublattices h 2 ∈ K d 1 := α 1 , α 2 ⊆ M τ and h 2 ∈ K d 2 := α 1 , α 3 ⊆ M τ are both saturated. Therefore
Now we show that such cubic fourfold X does not lie in C 8 if d 1 , d 2 = 8. Let 2 ≤ n 1 < n 2 . Observe from the Gram matrix of A(X) = M τ that it contains a labelling of discriminant 8 if and only if there exists integers b and c such that
To show that there is no integer solutions, it suffices to show 6n 2 + 2 − (3τ − 1) 2 6n 1 + 2 > 8, or equivalently 6(n 2 − 1)(6n 1 + 2) > (3τ − 1) 2 .
Recall that |τ | < 2 √ n 1 n 2 − n 1 = 2 n 1 (n 2 − 1). Using n 1 ≤ n 2 − 1, we obtain |τ | ≤ 2n 2 − 3. Therefore 6(n 2 − 1)(6n 1 + 2) = 36(n 2 − 1)n 1 + 12(n 2 − 1)
This proves X / ∈ C 8 . The remaining two cases of possible d 1 , d 2 can be proved by the same procedure, so we will only list a basis for M τ and its Gram matrix, and omit the detail computations.
Case 2: d 1 ≡ 2 (mod 6) and d 2 ≡ 0 (mod 6).
Write d 1 = 6n 1 + 2 and d 2 = 6n 2 . For each τ , consider the lattice M τ ⊆ I 21,2 generated by α 1 := h 2 = (1, 1, 1), α 2 := e 1 + n 1 f 1 + τ f 2 + (0, 1, 0),
The Gram matrix of M τ with respect to the basis {α 1 , α 2 , α 3 } is 
(3.14)
Case 3: d 1 ≡ d 2 ≡ 0 (mod 6). Write d 1 = 6n 1 and d 2 = 6n 2 . For each τ , consider the lattice M τ ⊆ I 21,2 generated by α 1 := h 2 = (1, 1, 1),
We are now ready prove the main theorems of this section. This forces c = 0. By substituting this back, we get 2 = 20b 2 which has no integer solution. The other cases can be verified in the same way. This proves X ′ ∈ C 20 ∩ C 146 is a rational cubic fourfold not known before. Now we show that the map between the codimension two components is birational. Suppose that there were infinitely many X ∈ C 173 20,26 mapped to the same cubic fourfold in C 173 20,146 under the map σ V . Then the transcendental lattices T (X) of these cubics are all isometric via resolutions as in (3.6) and the blowup formula. By [AT14, Theorem 3.1], the lattice N (A X ) contains a copy of the hyperbolic plane U = 0 1 1 0 , so the isometries on T (X) extend to isometries on H(A X , Z) by [Nik79, Theorem 1.14.4]. However, for any cubic fourfold X, there exists up to isomorphism only finitely many cubic fourfolds X ′ such that there exists a Hodge isometry H(A X , Z) ∼ = H(A X ′ , Z) [Huy17, Corollary 3.5]. We can apply the same argument to the intersections C 20 ∩ C 38 and C 20 ∩ C 42 to find new rational cubic fourfolds. For C 20 ∩ C 38 , we start with a cubic fourfold X ∈ C 237 20,38 ⊆ C 20 ∩ C 38 whose Gram matrix of A(X) is  Remark 3.16. One can find the images of the other components of C 20 ∩ C 26 , C 20 ∩ C 38 , C 20 ∩ C 42 that we found in Proposition 3.15 under σ V using the same argument. It turns out that most of these components are invariant under the action of σ V . Exceptions include the three components we found in Theorem 3.13 and also the following: Note that the image cubics in the second case would be singular.
Finally, given an admissible d ≥ 14 with d ≡ 2 (mod 6), we prove the result below by using the component of C 20 ∩ C d marked by Gram matrix (3.13) with τ = 0. In the case that d ≡ 0 (mod 6), we obtain the same result by using the component marked by Gram matrix (3.14) with τ = 1.
Theorem 3.18. Let d ≥ 14 be an even integer which is admissible, i.e. satisfies (1.2). Then σ V (C 20 ∩ C d ) contains a component D such that
(1) D ⊆ C d ′ for any admissible d ′ with d ′ ≤ d.
(2) D ⊆ C d ′ for some admissible d ′ with d ′ > d.
Proof. Let d ≥ 14 be an integer in the list (1.2). First, we claim that there exists a component D ⊆ σ V (C 20 ∩ C d ) such that a very general cubic X ′ ∈ D has the following property:
If X ′ ∈ C d ′ and d ′ ≤ d, then 20 | d ′ .
